We investigate the infra-red stability of the fixed points in the evolution of the Yukawa couplings, A-parameters and soft scalar masses in a broad class of supersymmetric theories.
The predictive power of the supersymmetric standard model and its extensions may be enhanced if the renormalisation group (RG) running of the parameters is dominated by infra-red (IR) stable fixed points. Typically these fixed points are for ratios; for instance, of the Yukawa coupling to the gauge coupling 1 , or the A-parameter to the gaugino mass.
Moreover, even if these ratios have not attained their fixed point values at the weak scale (which in fact is usually the case), the couplings may be determined by quasi-fixed point behaviour [2] . Here the value of the coupling at the weak scale is independent of its value at the unification scale. For this scenario, the Yukawa couplings at the unification scale need to be large. There is a considerable literature devoted to the consequences of fixed-point and quasi-fixed point behaviour in the standard model and the MSSM, and in extensions thereof [1] - [24] . A necessary condition for the success of both the fixed point and the quasi-fixed point scenarios is the existence of stable infra-red fixed points. Hence it is of interest to be able to determine for a given theory the nature of the infra-red fixed points, and this is the question we address in this paper. We consider N = 1 supersymmetric gauge theories, and investigate the IR stability of the fixed point structure of the Yukawa couplings, the soft-breaking A-parameters and the soft-breaking masses 2 . The stability of the fixed points in each case is determined by the positivity of the eigenvalues of a matrix M −pQI where Q is the coefficient of the one-loop gauge β-function, and the matrix M and the parameter p depend on the type of coupling. Our main result is that for a theory for which the anomalous dimension matrix for the matter fields is diagonal, there are matrices R, S (which are r × s and s × r respectively) and D (which is r × r and diagonal) such that the matrix M is given by DRS for the Yukawa case, RSD for the A-parameter case and SDR for the soft mass case. It is easy to show that the non-zero eigenvalues of the three matrices DRS, RSD and SDR coincide, and hence the eigenvalues determining the stability of the fixed points for all the couplings in the theory are given in terms of one basic set. Moreover in a more restricted class of theories (but which still includes all cases commonly considered) we can show that these non-zero eigenvalues are all positive. This implies that in the case of negative Q, all the fixed points are infra-red stable.
For an N = 1 supersymmetric gauge theory with gauge group Π a G a , superpotential
1 often called Pendleton-Ross (PR) fixed points [1] 2 Stability of the Yukawa couplings alone has been considered for a range of theories in Ref. [18] and soft breaking terms given by
(where φ is the scalar component of Φ, and λ is the gaugino), the β-functions for Y , h, b
and m 2 are given by
where
Here g a is the gauge coupling for the gauge group G a and C a i is the quadratic Casimir for the representation R a A of Φ i . The matrix P is related to the one-loop anomalous dimension by γ (1) = 1 16π 2 P . Now suppose that the distinct, independent couplings in the superpotential are denoted Y α , α = 1, . . . r, and µα,α = 1, . . . q, and that the distinct group multiplets are denoted Φ I , I = 1, . . . s. Let us assume that P i j is diagonal, with P i j = P I δ i j for all Φ i in Φ I . Further, let us assume that one of the couplings g a (where G a = U (1)) and its corresponding gaugino mass M a are dominant in the RG evolution. Henceforth we denote these parameters by g, M and suppress the remaining gauge couplings and gaugino masses. We may write
Here S Iα is related to the dimensionality of the Φ I ; clearly it is zero unless the superpotential term involving y α contains Φ I . The one-loop RG equation for Y α is
where 16π 2 t = ln µ and R αI takes the value 0, 1, 2 or 3 according as the superpotential term involving y α contains 0, 1, 2 or 3 Φ I s. Note that the zero entries of R αI coincide with those of S Iα , and we have I R αI = 3 for all α. As an example, for the usual MSSM superpotential, retaining only 3rd generation Yukawas and g 3 ,
we have
For the moment we shall focus on the parameters Y ijk , h ijk and m 2 ; we shall discuss the µ and b parameters later. We assume that the distinct independent trilinear softbreaking couplings are in one-to-one correspondence with the Y α , and we define
We then find
Similarly, we find, assuming a common soft mass m I for each multiplet Φ I ,
The one-loop RG equations for g and M are
and it follows from Eqs. (6), (11) that the RG evolution ofỹ α =
These equations may be rewritten in the more compact form
where R, S and D are r × s, s × r and r × r matrices with D αβ =ỹ α δ αβ , and the column vectors U andC are defined by
We now see the fixed point structure quite clearly. Turning firstly to the Yukawa couplings, y α = 0 is always a possible fixed point for each α. The most general fixed point satisfies
where J is an arbitrary subset of {1, . . . r}. If this condition is satisfied then we also see
represents a fixed point. (If Q = 0 and J =Ø, then there are in general no fixed points forÃ α with α ∈ J.) The existence of this fixed point, corresponding to a universal A-parameter, A α = −M (in the case J =Ø), was first remarked in Ref. [12] (and the importance of this value for A in the special case of a finite theory was realised earlier, in
Ref. [25] ). If (SDR − 2QI) is invertible then the fixed point form 2 is given bỹ
while otherwise there is no obvious closed form expression. It is easy to show from Eq. (13) that in the case J =Ø, the quantity (Rm 2 ) α has the fixed point (Rm 2 ) α = 1 for all α. This "sum rule" has been investigated in Refs. [26] . We should mention also that in the special case where the Yukawa fixed points satisfy (Sỹ − 2C) I = 1 3 Q for all I (corresponding to the so-called P = Q case [27] ) then it is straightforward to show thatm
is a fixed point for all I.
In any event, our main concern here is with the IR stability of the fixed points rather than their actual values. The stability of the fixed points of the evolution equations for a generic set of parameters λ i is determined by linearising the evolution equations about the fixed points λ * i so that they adopt the form
The system is IR stable if all the eigenvalues of ∂β i ∂λ j λ * have positive real parts. In the case at hand the task is fairly simple, the soft-breaking equations being linear already, and the only subtlety arises for the Yukawa coupling case. We find 
and (with some abuse of notation) R, S and D represent the relevant matrices after re- Hence this fixed point can only be stable in the asymptotically free case.
Finally we should say a word about the µ and b parameters. The evolution of the µ parameter is governed by A. Moreover, the stability of the fixed point forBα simply requires that Q be negative.
However, in a theory with gauge singlets, the stability ofBα is determined by a new matrix which has no obvious connection with those which have arisen hitherto.
Let us illustrate our results with some simple examples. We begin with a simplified version of the NMSSM, with the superpotential
The one-loop anomalous dimensions are given by
3 Here (and also in the next example of the MSSM) we ignore all except the third generation 
The Yukawa coupling evolution in this model was analysed in Ref. [18] . The only nontrivial fixed point withỸ
and is clearly stable, since the stability matrix of Eq. (19) is just Eq. (16) we find the fixed point for theÃ to bẽ
and from Eq. (17) we find the fixed points for them 2 to bẽ
in agreement with Ref. [19] . Again these fixed points for theÃ andm 2 are clearly stable, since Q is negative and T 1 = 
There is no fixed point withỸ 2 τ > 0. However, in the case where we takeỸ τ = 0 andỸ t , Y b non-zero at the fixed point, we find a fixed point with
(29)
We find in Eq. (19) that at the fixed point T 1 = . Since moreover Q < 0 for the MSSM, we deduce that the fixed points are stable. Evidently the above fixed point values for Y t , Y b correspond to large tan β (specifically tan β = m t /m b ); the RG evolution of the Yukawa couplings in this region was studied in Ref. [10] . It would be interesting to extend this analysis to include the soft-breaking terms.
For our third example we take a model with superpotential
We have R iI,i = 1, R iI,I = 1, R iI,iI = 1,
with all other entries in R, S and D being zero. The Yukawa fixed point isỹ iI =ỹ, wherẽ
, for all i, I (assuming we take all theỹ non-zero). In this case the fixed point for everyÃ isÃ iI = −1, and the fixed points form 2 arẽ
For stability it is sufficient to consider RS. It is straightforward to compute the eigenvalues explicitly in this case. We find that RS − λI is the n n g g × n n g g matrix given by
where K is an n g × n g matrix with every entry 1, and I is the n g × n g unit matrix. By subtracting the last column from every other column, and then adding every row to the last row, we conclude that
By similar operations we can show that
and it follows that the eigenvalues of RS are 3 (
times) and 3n g + 3 (once). These are all positive. Hence again we find stability in the asymptotically free case. It is easy to combine our second and third examples to obtain the n g generation theory which was considered as a model for strong unification in Ref. [28] .
As our final example we will take a semi-realistic GUT with gauge group SU 3 ⊗ SU 3 ⊗ SU 3 , and a matter content consisting of n sets each of the representations X ≡ (3, 3, 1) , 3, 3 ) and Z ≡ (3, 1, 3) . The superpotential for the theory is :
Here
If we set the three gauge couplings all equal to g then it is easy to see that they remain equal under renormalisation. In what follows we will suppose that we have (λ 
At the fixed point we have 6λ The implications for the stability of the infra-red fixed points were discussed in Ref. [12] .
Again stability is assured in the case Q < 0.
Each example we investigated had the property that the non-zero eigenvalues of DRS ). It is possible to write down matrices R and S, subject to the constraints that I R αI = 3 and that R corresponds to a theory with P diagonal, which do not have the property above; but they do not correspond to any physically interesting model, and in any case we have not been able to construct any examples which lead to non-zero eigenvalues of DRS with negative real parts. It is tempting to speculate that this is a general result.
We thus conclude that the focusing of Yukawa couplings and soft breakings observed for example, in Ref. [19] for the MSSM is not in fact specific to that theory but a general phenomenon; the existence of stable infra-red fixed points for the Yukawa couplings implies (given asymptotic freedom) stable infra-red fixed points for the A-parameters and soft scalar masses. In Ref. [12] we proposed that universality of soft masses and couplings at the unification scale might be associated with IR fixed points. Our demonstration here that there exists a strong relationship between the IR stability of the fixed points for these masses and couplings with the stability of the fixed points in the Yukawa sector makes this scenario even more plausible.
